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In this paper, we propose a method for the generation of higher dimensional modal entanglement through 
type II spontaneous parametric down conversion process using a three waveguide directional coupler in a 
periodically poled lithium niobate substrate. We show that by a proper design, it is possible to achieve an 
output state of two photons occupying three different spatial modes. The advantage of using such waveguide 
structure is its flexibility and the design space availability to achieve desired characteristics of the photon 
pairs generated in the down conversion process. 
 
 
I. INTRODUCTION 
Entangled photons have become one of the most important 
ingredients in the field of quantum computing, quantum 
cryptography [1, 2] and quantum teleportation [3]. 
Generation and manipulation of entangled states in different 
degrees of freedom such as polarization, spatial and spectral 
have been extensively studied in the literature for various 
applications in quantum communication protocols such as 
quantum key distribution (QKD) [4-5], entanglement 
swapping [6], quantum super dense coding [7] etc. Most of 
these studies involve two dimensional entanglements. 
Recently, focus has shifted towards studying higher 
dimensional entanglement i.e. entanglement in more than 
two modes. Quantum states with higher dimensional 
entanglement provide larger information capacity and 
increased noise threshold in comparison to entangled system 
in two dimensions [8, 9]. In the literature several ways have 
been proposed to generate higher dimensional entanglement 
such as higher dimensional entanglement of orbital angular 
momentum (OAM) of photons [10, 11], higher dimensional 
time- bin entanglement [12] etc. 
In this paper, we propose a method to generate a higher 
dimensional mode entangled photon pairs through type II 
spontaneous parametric down conversion (SPDC) process in 
a three waveguide directional coupler. It is shown that by an 
appropriate design it is possible to achieve an output state of 
two photons occupying three different spatial modes. This 
structure has an advantage of flexibility and the design space 
availability to achieve desired characteristics of the photon 
pairs generated in the down conversion process in 
comparison to the multimode single waveguide structure. In 
addition to that, we also show that with the same structure 
and quasi phase matched (QPM) grating, it is possible to get 
an output state of two photons occupying four different 
possible combinations of three spatial modes. This state 
corresponds to partial high dimensional entanglement. The 
partially entangled states find applications in probabilistic 
teleportation [13, 14]. 
II. PRINCIPLE 
We  consider a three waveguide directional coupler 
consisting of three identical single mode waveguides each of 
width ‘a’ separated by a distance ‘d’ such that the three 
waveguide coupler supports three normal guided modes (two 
symmetric and one antisymmetric) referred to as 0, 1 and 2 
as shown in Figure 1. We represent the effective indices of 
the modes at different frequencies by nm where α = p, s, i 
for pump, signal and idler respectively and m = 0, 1, 2 for the 
three modes.  
 
 
FIG. 1: (Color online) Schematic diagram of an array of three identical 
single mode waveguides and the field distributions of the three normal 
modes. 
 
We consider generation of photon pairs using degenerate 
parametric down conversion with type II phase matching 
with a horizontally (H) polarized pump and consider the 
signal to be horizontally (H) polarized and the idler to be 
vertically (V) polarized. Using an adiabatic evolution of the 
waveguide structure from a single waveguide to the three 
coupled waveguides (see Figure 1), at the pump wavelength 
it is possible to excite the H-polarization of either the 
fundamental symmetric mode or the first excited anti 
symmetric mode of the three waveguide region.  
  
   The parametric down conversion process from the pump 
photon to signal idler pair would depend on the phase 
matching or quasi phase matching condition that is satisfied 
as well as on the overlap integral between the interacting 
pump, signal and idler modes. We consider two cases: 
 
A. Pump photon in the fundamental symmetric mode 
 
We first assume the pump to be in the fundamental 
symmetric mode of the three waveguide coupler. Due to 
parity conservation, the H-polarized fundamental symmetric 
pump mode can only down convert to any of the following 
combination of pairs of modes of signal and idler of 
orthogonal polarization: Hs0Vi0; Hs1Vi1; Hs0Vi2; Hs2Vi0 and 
Hs2Vi2, where H and V correspond to horizontal and vertical 
polarization states, subscripts s and i correspond to signal 
and idler and the integer corresponds to the mode number. 
The remaining combinations of symmetric-anti symmetric 
pairs of signal idler pairs are not allowed due to parity 
conservation requirement [15-17]. 
In order to achieve higher dimensional entangled photon 
pairs, we need to properly design the waveguides and their 
separation so that three of the above mentioned processes 
occur with the same probability. In order to show that this is 
possible, we choose the following three possibilities of down 
conversion process: : Hs0Vi0; Hs1Vi1 and Hs2Vi2; these have 
been chosen since in the case of the three waveguide 
directional coupler all the three processes are characterized 
by almost the same efficiency. In such a case the output is 
expected to be an entangled state given by:   
0 01 0 0 02 1 1[ , ,s i s ii d C H V C H V    
                                                      
03 2 2, ]s iC H V          (1) 
                                 
where, C01, C02 and C03 are constants which are determined 
by the field overlap integral and the phase matching function. 
These three processes require quasi phase matching (QPM) 
nonlinear gratings with spatial frequencies given by:  
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where, ( , )p s i is the  pump (signal, idler) wavelength, 0 j  
represents grating period for the jth process. 
   Thus when the pump photon (assumed to be horizontally 
polarized and in 0 spatial mode) is incident on the 
waveguide, it will down convert via any one of the following 
three (j=1, 2, 3) processes: 
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The output state will be maximally entangled if the values 
of coefficients 
01 02 03C ,C and C (in Eq. (1)) become equal. 
Since these coefficients depend upon the overlap integrals, 
effective indices of the interacting modes at the pump, signal 
and idler wavelengths and also the phase matching function, 
it will be shown in Sec. IV that by an appropriate design of 
the waveguide and their separation it is possible to achieve 
this condition and thus obtain a higher dimensional 
entangled state. We will also show in Sec. IV that by an 
appropriate choice of the waveguide parameters all the 
spatial frequencies required as per Eq. (2) can be made very 
close to each other i.e.
01 02 03K K K K   , thus providing 
the possibility of all the processes using a single QPM 
grating. 
 
B. Pump photon in the first excited anti symmetric 
mode 
 
We next consider the pump to be in the first excited mode 
of the three waveguide coupler. In this case the H-polarized 
first excited anti symmetric pump mode can only down 
convert to any of the following combination of pairs of 
modes of signal and idler of orthogonal polarization:  Hs0Vi1; 
Hs1Vi0; Hs1Vi2 and Hs2Vi1 due to parity conservation. In such 
a case the output is expected to be an entangled state given 
by: 
     1 11 0 1 12 1 0[ , ,s i s ii d C H V C H V    
                                  
13 1 2 14 2 1, , ]s i s iC H V C H V       (3) 
 
These four processes require quasi phase matching (QPM) 
nonlinear gratings with spatial frequencies given by:  
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Thus when the pump photon (assumed to be horizontally 
polarized and in spatial mode 1) is incident on the 
waveguide, it will down convert via any one of the following 
four (j=1, 2, 3, 4) processes:   
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The output state will be maximally entangled if the values 
of coefficients 11 12 13, ,C C C  and 14C (in Eq. (3)) become 
equal. Since these coefficients depend upon the overlap 
integrals, effective indices of the interacting modes at the 
pump, signal and idler wavelengths and also the phase 
matching function, it will be shown in Sec. IV that by an 
appropriate design of the waveguide and their separation it 
is possible to achieve this condition and thus obtain a partial 
high dimensional entangled state. We will also show in Sec. 
IV that by an appropriate choice of the waveguide 
parameters all spatial frequencies required can be made very 
close to each other i.e.  
11 12 13 14K K K K K    , thus 
providing the possibility of all the processes using a single 
QPM grating.  
 
III. ANALYSIS 
We consider the three waveguide directional coupler in z-
cut periodically poled lithium niobate (Figure 2) with the 
optic axis along z- axis so that the H-polarization (along the 
y-direction) corresponds to ordinary polarization while the 
V-polarization (along the z-direction) corresponds to the 
extraordinary polarization. Here the waveguide width and 
depth are assumed to be such that the three waveguide 
coupler supports only the 00, 10 and 20 modes. In order to 
shorten the symbols, we represent the 00,10 and 20 modes of 
channel waveguide by 0, 1 and 2 respectively. 
 
 
 
FIG. 2: (Color online) Schematic of the channel waveguide of three 
waveguide coupler having QPM grating of period  
 
In order to obtain the output down converted quantum 
state, we need to analyze the normal modes of the three 
waveguide directional coupler. As described in Appendix A, 
a standard approximate analysis can be used to obtain the 
propagation constants as well as the modal field distributions 
of the H- and V-polarized normal modes of the coupler.  
The transverse field distributions 
( )
( , ) ( )
m
p s iu r of the three 
normal modes can be described by the following equation: 
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m m
p s i p s i p s iu r Y y Z z                    (5)                                             
 
where, m represents the mode number and the subscripts 
represent pump, signal and idler fields. The overall field is 
written as a product of the y-dependence and z-dependence; 
the waveguide geometry supports only the 0 order mode 
along the vertical direction. 
( )
( , ) ( )
m
p s iY y  is the electric field 
profile of pump (signal, idler) in the mth mode along y-
direction, 
0
( , ) ( )p s iZ z is the electric field profile of pump 
(signal, idler) of fundamental mode along z-direction. 
Now, the electric fields at pump, signal and idler 
corresponding to different modes are represented by the 
following equations [18]:  
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where, L represents the length of interaction, 
( , )( )
( , )
( , )
2
p s i mm
p s i
p s i
n
 

  is the propagation constant of the 
pump(signal, idler) in the mth mode, h is the Planck’s 
constant, c  is the speed of light and 0 is the free space 
permittivity. 
We assume the pump to be described by a classical field 
as it is assumed to be strong. Here, mA  is the amplitude of 
pump in the mth mode. In Eq. (7) and Eq. (8) aˆ  and †aˆ
represent the annihilation and creation operators of the 
generated signal (s) and idler (i) photons corresponding to 
the mth mode. 
The second order nonlinear polarization in the medium is 
given by:         
                            0
,
2NLk klm l m
l m
P d E E                         (9) 
where, lE  represents the l
th   component of the total electric 
field within the medium. The interaction Hamiltonian is 
given by:                                     
                                       
intH UdV                              (10) 
where, 
k kU P dE            
In accordance with the interaction picture, the overall 
output state is given as:    
int 0 ,0
iH t
s ie
                       (11) 
  
where, 0 ,0s i correspond to  vacuum state i.e. no signal and 
idler photon. 
 
A. Pump is fundamental symmetric mode: 
 
In this case, the electric field components are given by: 
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Using Eq. (9) and (12) in Eq. (10) and considering only 
the quasi phase matched processes since other terms are 
negligibly small as compared to the phase matched terms, we 
get interaction Hamiltonian as: 
(0) (0) (0) (0) (1) (1)
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Using the interaction picture (Eq. (11)) we can obtain the 
overall output quantum state (neglecting the vacuum state 
contribution) as:   
0 01 0 0 02 1 1[ , ,s i s ii d C H V C H V    
                                                      
03 2 2, ]s iC H V       (15)                                                                             
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 0 jk  is the phase mismatch given by:  
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0 jI  represent the overlap integrals between the pump, signal 
and idler of j=1, 2, and 3 processes, and are given by:                         
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The efficiency of the three down conversion processes for 
j=1, 2, and 3 are proportional to
2
0 jF  
 
B. Pump is first excited antisymmetric mode: 
 
In this case, the electric field components are given by: 
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Using Eq. (9), (10), (18) and considering only the phase 
matched processes as other terms are negligibly small as 
compared to the phase matched terms, we get interaction 
Hamiltonian as:       
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Using the interaction picture (Eq. (11)) the output state is 
given as:  
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1 jk  is the phase mismatch given by:  
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1 jI = overlap integrals between the pump, signal and idler of 
j=1, 2, and 3 processes, and its expression is   given by:                    
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The efficiency of the four down conversion processes for 
j=1, 2, 3 and 4 are proportional to
2
1 jF . 
In Figure 2, we have shown that the three waveguides are 
again recombined to a single multimode waveguide 
supporting three normal modes. As the transformation from 
the triplet of channels to the output three moded waveguide 
is unitary, the fundamental symmetric (0), the first excited 
antisymmetric (1) and the second excited symmetric (2) 
normal modes at signal and idler wavelengths would 
respectively excite the fundamental first, excited 
antisymmetric and second excited symmetric modes of 
three–moded waveguide. Thus in the three moded single 
waveguide region, the modal entanglement would be 
preserved but now instead of in terms of the normal modes 
of three coupled waveguides, it will be modal entanglement 
among the three normal modes of the output three moded 
waveguide.  
 
 
FIG. 3: (Color online) Schematic of waveguide structure describing the 
how the modes are separated at output. 
  
If required, the three modes can be spatially separated into 
three different output waveguides by using an asymmetric 
three waveguide splitter in which all the three waveguide are 
single-moded but with different propagation constants 
(which can be easily obtained by choosing different widths 
of the three waveguides). In such a device which is an 
extension of the asymmetric Y-splitter that is used in 
integrated optics, the fundamental symmetric mode at both 
the signal and the idler wavelengths will exit from the 
waveguide having highest propagation constant (upper most 
waveguide in Figure 3), the second excited symmetric modes 
will exit from the waveguide having the lowest propagation 
constant (lowest waveguide in Figure 3) while the first 
excited antisymmetric mode will exit from the middle 
waveguide having propagation constant in between the other 
two waveguides. This way the modes in which the photons 
are generated can be separated spatially leading to path 
entangled photon pairs.  
If we number the output waveguides shown in Figure 3 as 
I, II and III, then the output quantum state for the first case 
would be described by: 
0 01 02[ , ,   sI iI sII iIIi d C H V C H V  
                                                    
03 , ] sIII iIIIC H V       (24)                                                                             
And for the second case it would be described by: 
   
1 11 12[ , ,   sI iII sII iIi d C H V C H V  
                           
13 14, , ] sII iIII sIII iIIC H V C H V      (25)  
   Each mode of the intermediate three moded waveguide 
supporting three normal modes would have different field 
profiles as shown in Figure 3. When the photons are 
separated into three output waveguides, each of the output 
waveguide will have an intensity profile characteristic of that 
waveguide and the quantum state of the output state would 
be described by Eq. (24) and (25) from which the probability 
of finding the photons in any of the waveguides with a 
particular polarization can be easily determined. It may be 
also worth mentioning here that the photons are separated at 
the output by their polarizations. That is, polarization defines 
two subsystems (we have one photon in each polarization), 
and sets of mutually orthogonal spatial modes define Hilbert 
spaces of individual subsystems. 
 
  
IV. NUMERICAL SIMULATIONS  
In order to show the feasibility of the idea, we consider 
generation of entangled photons in a directional coupler 
device using titanium indiffused lithium Niobate channel 
waveguide. For the analysis we assume the waveguides to 
have a step index profile. The value of the lithium niobate 
substrate refractive index ( sn ) for different wavelengths and 
different polarizations were calculated using Sellmeier 
equation given in Ref [19].The refractive index difference (
n ) for a waveguide has been calculated using Ref [20]. 
We have carried out numerical simulations and 
optimization of the waveguide parameters assuming a pump 
wavelength of 675 nm.  
We consider the three identical channel waveguide of 
width = 6 µm and depth = 7 µm separated by a distance of 6 
µm. The propagation constant of normal modes of three 
waveguide directional coupler can be obtained by solving the 
Eigen value equation which is obtained by writing the fields 
in all regions and applying appropriate boundary conditions. 
After calculating the propagation constant of normal modes 
at pump, signal and idler wavelengths, we can obtain the 
field distribution of these modes. Details are given in the 
Appendix. 
 
A. Pump is in the fundamental symmetric mode 
 
Figure 4 shows the transverse electric field pattern of the 
three normal modes along y-direction at pump, signal and 
idler for the three processes involved when the H-polarized 
fundamental symmetric mode is incident on waveguide at 
pump wavelength of 675nm. 
 
 
FIG. 4: (Color online) Normalized transverse modal field distributions 
along y - direction in a three waveguide coupler (a) fundamental symmetric 
normal mode (0) at pump, signal and idler wavelengths; (b) fundamental 
symmetric mode normal mode (0) at pump wavelength and the first excited 
anti symmetric normal mode (1) at signal and idler wavelengths; (c) 
fundamental symmetric mode normal mode (0) at pump wavelength and the 
second excited symmetric normal mode (2) at signal and idler wavelengths    
Figure 5 shows the measurable square of the corresponding 
fields. 
 
 
FIG. 5: (Color online) Square of the normalized transverse modal 
intensity distributions along y - direction in a three waveguide coupler (a) 
fundamental symmetric normal mode (0) at pump, signal and idler 
wavelengths; (b) fundamental symmetric mode normal mode (0) at pump 
wavelength and the first excited anti symmetric normal mode (1) at signal 
and idler wavelengths; (c) fundamental symmetric mode normal mode (0) 
at pump wavelength and the second excited symmetric normal mode (2) at 
signal and idler wavelengths 
 
For waveguide width of a = 6 µm, depth = 7 µm and 
separation d = 6µm, the overlap integral of all three process 
are almost equal and the grating spatial frequency required 
is 0.9074 m-1. Figure 6 shows the variation of down 
conversion efficiency vs signal wavelength and QPM grating 
for L = 2.55 mm for all three process. From Figure 6(a), it 
can be seen that the three curves intersect at a signal 
wavelength of 1350 nm. Thus by using a narrow band 
wavelength filter at the signal wavelength 1350 nm, we can 
obtain higher dimensional mode entangled photon pairs at 
the output. The role of the filter is two-fold: Not only it is 
used to select the point where equal conversion efficiencies 
are achieved, but also to remove spectral correlations 
between the signal and idler photons, which could lead to a 
significant reduction of entanglement quality [21]. 
In order to show the dependence on the QPM grating 
period, in Figure 6(b) we have plotted the variation of 
efficiency with QPM grating spatial frequency K keeping the 
signal and idler wavelength to be 1350 nm.  
It can be seen from Figure 6(b) that at QPM grating spatial 
frequency K = 0.9074m-1 all the three processes intersect 
and have same efficiency.  
 
  
 
 (a)  
 
 (b) 
 
FIG. 6:  (Color online) Variation of the efficiency of the three down 
conversion processes (a) as a function of signal wavelength; (b) as a 
function of QPM grating. 
 
Thus, using a single grating of grating period Λ = 6.92 µm 
in three waveguide coupler and an appropriate wavelength 
filter, we can obtain high dimensional entangled photon pairs 
at output. 
We have found that for an error in the grating period of ± 
50 nm, the signal wavelength changes by ± 5 nm and to 
achieve degeneracy we may tune the pump wavelength by 
±2.5nm to obtain the maximally entangled state. Figure 7 
shows the variation of the efficiency of the three possible 
down conversion processes as a function of the signal 
wavelength with slightly different grating periods.  
 
 
                                (a)                                                     (b) 
 
FIG. 7: (Color online) Variation of the efficiency of the three down 
conversion processes as a function of signal wavelength having grating 
period (a) Λ =6.874 µm; (b) Λ= 6.974µm 
  
 As can be seen from Figure 7, the curves still intersect at 
one value of signal wavelength which changes with the 
period. However choosing an appropriate wavelength filter 
can provide us with mode entangled degenerate pairs of 
photons even with slight errors in the grating period.  Thus 
small errors in the grating period can be taken into account 
by a small tuning of the pump wavelength so that degenerate 
mode entangled photon pairs are generated. 
 
 
B. Pump is in the first excited antisymmetric normal 
mode 
 
When H-polarized first excited anti symmetric normal 
mode is incident on a waveguide at pump wavelength of 675 
nm then it down convert via the four processes as described 
in Sec. II through a degenerate type II SPDC process. The 
square of normal modes of three waveguide coupler involved 
in these processes are shown in Figure 8.  
 
 
 
FIG. 8: (Color online) Square of the normalized transverse modal field 
distributions along y –direction in a three waveguide coupler (a) first excited 
antisymmetric normal mode (1) at pump and idler wavelength and the 
fundamental symmetric normal mode (0) at signal wavelengths in a three 
waveguide coupler;  (b) first excited antisymmetric normal mode (1) at 
pump   and signal wavelength and the fundamental symmetric normal mode 
(0) at idler wavelengths;  (c) first excited antisymmetric normal mode (1) at 
pump and signal wavelengths and the second excited symmetric normal 
mode (2) at idler wavelength (d) first excited antisymmetric normal mode 
(1) at pump and idler wavelengths and the second excited symmetric normal 
mode (2) at signal wavelength 
 
 In this case also, with the same waveguide parameters and 
length of crystal, the overlap integral of all the four processes 
become almost equal. Figure 9 shows the variation of down 
conversion efficiency vs signal wavelength and QPM grating 
for L = 2.55 mm for all three process. In this case also, it can 
be seen from Figure 9 (a) that the four curves intersect at a 
signal wavelength of 1350 nm, but have the broader 
spectrum as compared to case 1. Thus by using a wavelength 
filter around the signal wavelength 1350 nm, we can obtain 
partial higher dimensional mode entangled photon pairs at 
the output. 
In order to show the dependence on the QPM grating 
period, in Figure 9(b) we have plotted the variation of 
  
efficiency with QPM grating spatial frequency K keeping the 
signal and idler wavelength to be 1350 nm.  
 
 
(a) 
 
(b)             
Fig. 9: (Color online) Variation of the efficiency of the four down 
conversion processes (a) as a function of signal wavelength; (b) as a function 
of QPM grating 
 
It can be seen from Figure 9(b) that at QPM grating spatial 
frequency K = 0.9074m-1 all the four processes intersect and 
have same efficiency. Thus, using a single grating of grating 
period Λ = 6.92µm in three waveguide coupler, we can 
obtain partial high dimensional entangled photon pairs at 
output. 
 
We would like to mention that the modal entanglement 
properties of the photon pair could be demonstrated by full 
quantum state tomography applied to the spatial degree of 
freedom. One could use for example measurement of the 
Wigner function demonstrated in Ref [22]. This scheme has 
direct extension to more than one photon and could be used 
to reconstruct the complete quantum state of the two-photon 
system. 
Another route could be to use a carefully selected set of 
mutually non-orthogonal bases which would demonstrate 
entanglement through e.g. violation of Bell's inequalities. 
This has been done in the case of orbital angular momentum 
[11, 23] and could be extended to other sets of modes with 
the help of spatial light modulators. 
 
V. CONCLUSION 
We have shown that by an appropriate design of a three 
waveguide directional coupler, it is possible to generate 
mode entangled state in a higher dimensional space by 
proper designing of the device. Also with the same device 
and having the same grating period we can obtain the partial 
high dimensional entanglement with more tolerance. The 
advantage of using this waveguide structure is the flexibility 
and the design space availability to achieve desired 
characteristics of the photon pairs generated in the down 
conversion process. Further investigation on coupled 
waveguide structures are expected to provide the possibility 
of designing waveguide devices generating a larger range of 
entangled and hyper entangled photon pairs. 
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APPENDIX-A 
Consider a three waveguide coupler as shown in Figure 
10(a) and its corresponding separable refractive index profile 
is shown in Figure 10(b). 
 
       
FIG. 10(a): Schematic of three waveguide coupler   
 
FIG.10 (b): Corresponding separable refractive index profile 
                              
The refractive index profile corresponding to above 
structure can be written as [24]:  
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The above profile is correctly represent the refractive 
index profile of three channel waveguide coupler in every 
region except in the corner regions where the two profiles 
differ by an amount of 
2 2
2 3j j jn n    , which is very small 
,so for correction in corner region we have used the 
Perturbation method [24]. 
The transverse modal field profile in the three waveguide 
coupler is given by: 
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where,  
( ) ( )mjY y is the field pattern of the  j– polarized m
th mode 
corresponding to the waveguide structure along y-direction 
and is given by: 
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and ( )( )njZ z is the field pattern of the  j– polarized n
th 
mode corresponding to the waveguide structure along z-
direction and is given by: 
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A, B, C, D, E, F, G, H1, H2 and J are constants which can 
be find by applying appropriate  boundary conditions at the 
interface, 
( )
( )
m n
jy z  is the propagation constant of the j– 
polarized mth(nth) mode corresponding to waveguide 
structure along the  yth(zth) - direction 
The propagation constant of the   j– polarized (mn) mode 
of the complete structure is given by [24]:                                                                                                                                                                                                                                                                                                                                                       
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The y-polarized field would corresponds to a TM mode in 
the y- direction and TE mode in the z-direction whereas the 
z-polarized field would corresponds to a TE mode in the y- 
direction and TM mode in the z-direction and obtained the 
propagation constant by solving corresponding Eigen value 
equations. 
Thus, for calculating the propagation constant of y-
polarized mn mode, we solve following set of Eigen value 
equation of TM mode along the y-direction and TE mode 
along the z-direction. 
 
 
1
2
2
3 1
tanh
tan
2
1 tanh
m
ym
ym m m
y y y y
m m
yy y m
ym
y
t
d
a n
n t
d

  



 
 
     
                 
  
 
 
 
1
2
2
3 1
tanh
cot
2
1 tanh
m
ym
ym m m
y y y y
m m
y y y m
ym
y
t
d
a n
n t
d

  



 
 
    
                      
 
  
 
  
tan
1
n n
y y
n n
y yn
y n n n n
y y y y
b
 
 

   
   
      
   


 
where, 
 
 
2
2
2
33
1 2
2
2
3
tan
tan
m
y ym
ym
yyym m
y y
m
y
y y m
ym
yy
n
a
nn
t
n n
a
n







    
           
     
     
      
    
 
Now, for calculating the propagation constant of z-
polarized field, we solve following set of Eigen value 
equation corresponding to TE mode along y-direction and 
TM mode along z-direction. 
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